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2 ) " Abstract

<

Erfects of.strategy instructions on the problem-solving performance of
tjunior high school algebra studehtg wasAiHVestigated in two experiments.
In the first experiméﬁt, three groups of students were instructed tor
solve algebra problems using a backward, forward, or mixed direction of
search. The pattern of solution times and errors indicated that the
students followed the instructions, and that the efficienéy of each
diréction—of-search strategy was strongly related to the possibilities
of sta¥ting the solution incorrectly ("enéering a glind ailey"). The
mixed strategy proved difficult for juq}or pigh school students. 1In the
second experiment, instructions were given on how to identify gnd
respond £o blind alleys. Thé effect of instructionsjvaried with the
search strategy used (backwa?d or forward). The forward search groups
performed significantly better than the backward search gréups overall
when élind alleys wére entered, but there was no differénce between
forward and backward groups phat received fpll instructions%for'dealing
with blind alleys. The pattern of results suggests that the optimurm

strategy depends on the problem type, but that, if the backward

strategy is chosen, it should be combined with full blind alley

<

instructions.
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Instructing Junior High School Students
in Froblem Solving Strategies

March 12, 1976 e
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The research reported here is concerned with strategies or heuris-
tics for helpin% students solve algebra provlems. There are nrobably
many types of difficulties that students h;ve with story problems in
algébra? motivation, reading the problem and translating the words
into mathématical symbols (Bobrow, 1968), remembering facts (Paige &
Si;on, 19665; calculation and formula manipulation (Parkman & Groen,
1971), and forming an equation for deriving the unknown value from the
relevant given values.,(Luchins, 1942; Paige & Simon, 1966; Polya, 1965;
Feusmann & Cheng; 1973; Wickelgren, "1974). Strategies or heuristies
are usually formulateq to deal with the last type of difficulty.

Most strategieé (for mathematical problems and'fOr other problemé
as well) are tailored to a set of problems with the same struéture or

' Many or these problems are substitution problems in , -

’

"problem space.'
—which a set of many possible alternative steps or°moves leads from the.
beginning of the problem, and the solver must find the particular
sequence of steps that leads to the goal. ?roblem solving of this tyﬁe
is analogous to finding a path thfough a maze. Certain strategies ére
efficient by virtue of minimizing the solvers’ wanderings through
certain types of problem mazes, and there has béen a correspondiqg
intefest in characterizing t&pes of problem spaces (Newell & Simon,

1972,. Ernst & Newell, 1969; Amarel, 1968). But more recently there has

1

-
0




.‘.J}

1

: Prsblem Solving

3

——"

been an interest in the problem solver as information processof, and in
adapting stra;egieé to the characteristics of the solvey (Gieeno, 1973;
Greeno & Simon, 197k; Wickelgren, 1974). Some stra%egies are‘e?ficient
by Yirtuq of minimizing the informabion-processing load on the solve;,
usually the load on short-term, ac%ive, or working memory. When fhe o,
problem solver is g studént, there rust be a ¢oncern with both types

of efficieuncy (length of search and informationﬁprocessing) and with

‘ theories of solvers as well as problems.

‘Méhy é&pés of problem-solving strategies have been proposed ana
studied. Usually a strateéy'involves a set of gene??I procedures.
These may determine how to répresent the elements gnd rules in a
probleév(Héusmapn & Cheng, 1973; Simon & ﬁarenfeld, 1969; Hayes, 1975),
what priorities there are concerning the sequenc; of alternative solu-~
tion attempts to be tried, hgw solution attempts (or parts of them) are

>

evaluated, and vhat information is retained during the problem-solving

v -

process. Studies of the solving of story problems in algebra have in-

vestigated the following issues: (a) the translation .of word informa-

" tion into mathematical,symbols (Bobrow, 1968) or diagrams (Polya, 1965; -

Paige & Simon, 1966); (b) the use of particular formulas (Iuchins,

&

P s

1942) or other é;xiliary information (Polya, 1965; Paige & Simon, i966);

(e¢) tium use of alternative sequences of substitutions or transforma-

tions in searching for a problem solution (Polya, 1965; Wickelgren, .,
197h).“ The research reported here focused on alternative search

sequences, specifically, on "direction-of-search" strategies, and 2lso

on strategies for evaluating ‘one's own solution attempts.

P
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Direction-of-search strategies in algebra and geometry prescribe

whether ‘solution attempts should procéed "packward" from the goal (the
’ /

unknown value, the theorem to be proved, ete.) or "forward from the

initial situation (the given values, axioms, etc.). Problems in ’
s algebra involve deriving an unknown value from given values, usually by
a sequence of substitutions. Attempts to solve are conceptualized as

i search through a set of pessible substitution sequences for a path that

leads from the givens to the unknown. Polya (1965) recommended working
backward.from the unknown, substituting péw unknowns or defining sub-
problems iteratively (which, if solved, could be used to solve for the
original unknow;) ﬁntil a paéh is found té the givens. Working forward
in@%ixés using the set of givens to derive new valuescﬁntil the value
of the unknbwn is found. This is aﬁ iterative sort of trial and error.
Work .ng backward usuall& reduces the search through possible solution
sequences relative to the working forward, because there are usually
fewer possible ways to work from one or two unknowns than from a set
of givens. Mixed sﬁ}atégies involve both directions of search. A
mixed strategy proposed by Wickelgren (1974) inyoives establishing a ,°
subgoal or subproﬁlem (a.backward step) and thg% working forward.

Iet us consider different examples of thés; strategies ;s they
would bg applied to a gypfcal algebra stSty problem. An example'of.

a story problem and a set of related mathematical symbols is given in

Figure 1. (Tet us suppose that the student successfully translates

H

s

Insert Figure 1 about- here

&




o)

8

Problem Solving
r's N 5

the "story" into mathematical symbols and recalls the appropria.té formu-~

las.) A student sol‘\;ing this problem by work'ing backvard would first

find an equation with A, (the unknown) in it; from which the value of Ay
H N L —

could be derived. If 53 = Al + 52

and A,." Since A, is a given, A, would become the new unknown. Next, an

3 1 3
;quation with A, in it would be needed. P3 = A. x R, could be used, and

were picked, 52 coculd be derived from gl
it o .

.

3 =3 373

the new.unknown would be 23. (53 is a given.) DNext, 23 =P, +P, could be

used, and since both El and 22 are given, a solution path would be found.

Ay =By - Ay = (By/Ry) - &) = (B + B) /Ry T - 1y = [118 + 10)/3.50] - 5 = :

“Fotice that if the student started by trying to derive éé from

P, = A, X Ry,

cannot be derived from any other equation. He would have to start again

he would fail, since the new unknown in this case (_132)

%ri’ch the_yunknbwn and pick 53 = él + 5_2. This wasted step (an incorrect

tentative partial solution) is called a backward blind alley.

»

A student working forward would try to derive, new values from the

givens, and would find P directiy from P, and _1_3_2, and B_i from _I_’_l and él'

3 1

; ~ ,
The value of B—l is not nee’-d in the solution and is thus a forward blind

ailey, but the-value of _1_3_3 could be used with 53 to get 53. Next, '_}_\_3 /

could be conbined with -A-l to get 52 (the unknown), and the solution path

]

would be found.
For the forward solver, finding 51 is inefficient since _1_?_1 is not
needed. Thz backward solver could not waste time on this, but might

waste time teying to get 52 with ;_’_2 ='52 x. 52 (while the forward solver

%.0uld” not do this). From the point of view of search efficiency, then,

“

-
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each of these strétegies is equally’ineffiéient,.since one wasted step
is-possible iﬁ both. In a mixed stratégy (involving both backward and
forward search), both wasted steps aré poésible, and it is therefore the
Jeast eféicient (in search) of the three’strategies for this particular
°pr'obl‘em. ) » P o . ,
/ :
In order to meke a fair comparison of strategies, they should be
tested on a represéntative Saﬁple of the large and various set of prob-
lems that hight be generated from typical rate problem formulas. To T~
compéfé the search or Enfg;mation-processing efficiencies of strategieg,
‘some‘way g% classifying problems inéo Lypes is desirable. A claégifica- ]
tion system using a four-digit tode was worked out for the set of i "
problems that can be generated from the set of form%%as that typic?lly
appear in rate problems in aléebra. }These five formulas ér? given in ~
Figure 1.) fhe co@ei sﬁow the number of steps in the solution (LfS),
%hg number of ﬁbssible blind alleys (0-2), the total number of steps in‘
. the possible blind alleys (0-3), and the numbér of branches into inde-
pendent subproblems in a problem (0-2). (When neither of a pair.of
needed variaﬁies is given, a problem branches into two subproblems.)
’All problems have only one soiution, whi;h can be found by proceed-~
ing in a backgard, forward, or mixed direction. *In some froblehs,
hoyever, the number of péésible blind alleys depénds o; the direction
o% search. For this feason, each problem type must be assigned three
codes, one for each\direction ;f search. The codes for the 17 t;pes of

problems with one unknown that can be generated from the five formulas

are shown in Table 1. The codes differentiate all except two pairs of

8
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.pkoblem types. Types 4 and 5 differ in the strucfure of their vlind

lleys, and Typ.e 15 and 16 vary in the placement of subproblem ) ' n
. . branches. ot ) .
- .,// ‘ h . )
__ﬂ,/////// < - : . ”
: . . Insért Table 1 °about herd . v
. . S &
Y s Comparison§ of search efficiency among strategieg‘éen be based on .

the number of possibie blind alleys oy steps in poesible blind alleys.
There is no similar direct, measure of:information-processing Joad dif;
ferences, “however. Informationﬁprobessiné load Should;depend‘on the °
resouﬁée limitations and demands on the varioqs basic processings ) .
systems used‘during pﬁobiem sol&ing. On problems with the same codesa‘
differences in speed or e;rors dgmong strategies should indicate diffef—
ing information-processing loads. Differences in speed and errors among
strategies onqa set 9f problems should be the combined result‘:f
search-efficiency and information-prbcessing load differences.
The purpose of the first experimeq? reported here was-to test .
whether Junior high school students could be taught the direction-of-
search stfategies, and to provide data for comﬁaring strategies. Three
; directions of search--backward, forward, and mixed--were tested. ' .
Although strategies differ in search efficiency on these problems

(dccording to the nwiber of blind alleys avoided), none of the strate-

~
gies make it possible to avoid all blind alleys. It might be useful,

therefore, to devise some way to help the solver recover from blind

Y
alleys when they are entered Methods for judging when to abandon one
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. ° approach and try a different one are of general importance in problem '

‘solving. The purpose of the second experiment.repéfted here was to test’é%ﬁi{ j

the effgctiveness of instruction }n methods ta deal with blind alleys. - o s
Two types of instructions were teésted, one including both insé;uctions. -
on how to recognize the end of a bling alley (a "dead end");aﬁd'on how

to start over on a different path, and the other including only instruc-

- tions on recognizing dead’ ends. o .

Ed

Experiment 1: Direction of Search

,O

Method= ) . .

Subjjects. ~ The subjects were 54 fir§t—sémester ninth graders from
three junior high schools in the Houston Independent Scﬁool District,
all of whom had correctly answered all three questions on a short test

of elementary algebra skills. The most difficult question on this test

ipvolved finding the value of Tin Q@ = T x V, knowing that.Q = 12 and

i}

V = 3. About 66% of the students in average eighth-grade mathematics

clas§e§ in‘these schools passed this }est. These ninth graders were
,randoﬁly assigned to three equal and balanced”(1/9 fnpmrbeIQW‘average
classes, 7/9 &verage, 1/9 above average) g;oups, 18 each receiving one
of three'sets’of strategy instructions. The data from an’ additional

eight students who failed to follow the strategy instructions was dis-

A

carded. Five of thegeostudents were from the group instructed in =the

mixed strategy (solve starting forward, then backward).
Stimulus materials. There was'a set -of five interrelated
- - N ,
three-variable formulas for the students to memorize, about wages for (’
[

LA

\
\
\

\
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ﬁ wor%_done-at different rates of pay: 21 Al b R1 P2 = 52 Rz, '(

= A + A o3 @here P = pay, A= amount

. P3—A3 ;i:3, P3—P1+P2,, Ay =4 .
e of time worked, andfg = rate of pay. Tg “51ve the problems, the ’
- students were required to show how to find the“value of one unkno‘?qri4 - o
* . variable from a list of Eiven variabBles (andifhe_pemorized formulas

éélating them). ;de example problems and tree diagrams of their .
. -

éoluﬁiqns are shown in.Figﬁré 2. . The‘prdblém/in’the‘lgft panelé'is 7 -

the problem in Figure 1. 'The treé diagrams ig Figur; 2 shéw.%he set :?

of substitﬁtions is tﬁe proﬁlem that connect the unknown variable

(in the box), the given variables (unpareﬁthe31zed), and 1ntermed1ate
varxablesh£parenuhe31zed). Branches hav1ng 1ntermed1ate variables at ‘
| ‘both 3¥,s.éie subproblem branc?gs.b In Figure 2, the solution (solid oo )
1inesi entends downward from the unknown, backwa}d blind alleys ©+ = * !
(dotted 11nes) e;tend upward from the unknown, and forwar? blind alleys‘

2 \ )

«

(dashed 11nes) extend downward from the givens. Except when in a_- )
iy - 3
blind alley, persons worklng backward would move downward in the tree,

»

and those working forward would move upward. “ : o \j&> 1;3

o

Al

4

Insert Figure 2 about here .

"Six different sets of the 17 problems, two each of Types.t and 5 and
one each of Types 3 and 6-17, were constructed. The order of pfesenta-
v ’ * Tt

tion within a set was fgndom, and each set was presented to, three
Q . .

students in each group of 18. Each set was preceded by a buffer set )

of six problems (Types 3, 5, 7, 10, 12, 17). v o,
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N 4 . {
. Each problem was presented on the face of a 3 x 5 card with the

*

b <

givén varisbles listed on one side and the unknown variable on the
- - ‘. . , .
other. For the forward-working group the givens' were in larger print

on the left side of the cé.rd, and for. the backward-working and mixed

-

) - % —groups ’cheﬂ unkniown was in larger print on the left. This veriation
/" & . Bl .
o .was intended to ma.ke ;»K;easier for students in each strategy Jroup to

- )

pay attention to 'bhe type of varlable they should proce°d from in

solv:mg_ the problems. Each problem WaSs presem,ed as a set of varle.bles

a

rather than in story form so that reading difficulties would be mini-
. : . e
. oy AN -
mized. 1In addition, the solution did not involve c(alculation or formula

ot ..

. . .ma.nlpulatlﬁn (since md numericel values prov1ded for the glven) SO fh&t

: difFi \J;{‘.;es of these types would be mlnlmlzed 7 s

s1gn and procedure. Each student spent a sessipn of about one

hour wi’ch the experimenter. The students worked with the formulas until
» they ;’el’c ﬁ'hé’y had memorlzed them, then learned one strategy, pra,c-—
}k tlced the formulas again in a flash card drill, solved two pra.c 1‘ée

o . problems (l‘ypes 6.and- h) m.th feedback, and then solved the set of 23 .

.,

problems without feedback. : L

-

. The stvdents in the Forward-working strategy group were instructed

Y , . . ca
to solve problems as follcws: N
- = -

K A straiftegy you carfuse for solving this kind of problem is tov : :

.
L s . - \

L .se¢ what- jou ean get by combining and recombiﬁlr;g'the values ,
. you have (r,xample) in various ways. By/"oomtining ‘these variables
. and varliables you get—from them you should eventually get ’che . . .
, ’ ‘,- ’ value you need. (Example) In this strategy, you work from ‘
-
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the List of givens (variables you have the values of), checking

to see if you have produced the unknown (the variable you want to
find the value of). You will know that you have solved the prob-

lem when you have been able to get @ﬁé unknown by using values
that are on the list of givens or were found using the givens;

The students 1ﬁﬁbackward—work1ng groups were 1nstructed as follows:
\

A strategy you can use for solv1ng this kind of problem\is to

see dha@ you could use to get the value you need. (If you\can
P \ .

find what you need to get a variable, you can get that varia'le.)

(Example) In this strategy, you work from the unknown (the

, varieble you want to fird the value of), checking each time to

see if each variable youneed is on the list of givens (variables .

‘you have"the’values of), and if not, finding another equation

‘w1th the needed varlable in it. You will know that you have

hx

\EBI' the problem when you have beefl able to find every variable

you need (Qr*%ar;ables you need to find it) by wusing valués that

-

you have on the list of givens.
v

The students mixed-working group were instructed to first work

backward for one step, and then solve by working forward, as follows:

<A strategy;yoﬁ_can_use—£or—solving~ﬁhh;ﬂchnr1ﬂf]ﬁﬁblem is &r

¢

first see what you would ase to .get the value you need.
(Example) Next you should see if you can get these two varlables
by using the list of values you have (Example) (If you can find
what you need to get a veriable, you. 1 get that variable.)
(Example) 1In this strategy, yeu start out working from the

unknovm (the variablexyoﬁ want ﬁojfind the value of); next you

i

i3 7
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work from the list of vaiiables you have the values Of'(the?5*

=

givens), checking to see if you have or can produce thé fariables
you need to findithe unknown. You will know that you have solved
the.éroblem when you have been able té get the veriables you

need to find the unknowh by aising the list of givens.

,The students were given a standardized way of thinking out loud.
. @

- Whenever a step in the problem was considered, the students were asked
to say, "With and , I get ," (Forward and Mixed groups) "
or "For ,'I need - and " (Backward group); and to say

P

"Solved" when the problem was solved. The problem solutions were
.tape-~recorded, and the experiméhter marked the beginning of each
problem on the tape by saying "Start" when the student was handed the

prdbiem card. If a student failed to solve a prdb}ém'within 140

— _Seconds,_an error was recorded,
h After the session, the students were asked. whether of';ot they
uéed the strategy. The subjects who said theygdid not were replaced.'
. Results - |
For’each problem, the interval between the gxperimentér's saying

"Start" snd the student's saying ‘"Solved! was timed to the nearest

second. On the few occasions when the student stopped to meke a remark
or ask a question, seconds were subtracted for that time. When the o -
student did not finish the problem within 1h0 seconds, or had'got solved

% it before .saying "Solved,"

an error was recorded. Median solution times
and errors are shown in Table 1. Medians are reported because dis-

tributions of the solution times were skewed.

14
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_An impor¥ent question to be resolvéd_isrwhether the students
P T «

followed the instructions. .Although the protocols could provide cne

‘kind of evidence, to guard against the unlikely possibility that

protocols might not reflect strategy in some important way, another

test is desirable. Another kind of evidence is proviced by solution
times. Solving in a particular direction determines which blind alleys
may be taken, and when blind alleys are taken solution times increase.
The proper set of problems on which to compare strategies are Types 6,
7, and 8: These are all problems that can be solved in three‘steps

once the student is on the right track, but backward and forward

solvers should produce opposite patterns of solution times because of

opposite patterns of poss1ble blind alley steps (The only s other

Bade 18

possible set for this comparison, Types 12 and 13, have another factor,
hi

a subproblem branch, that should increase varlabllluy and possibly

+

P

swamp the blind alley effect. ) A student solv1ng forward could enter
blind alleys in Types 6 and 7 but not 8, and the blind alley in .
Type 6 is two steps long. Therefore, solution'times should decrease
from Type 6 through Type 8. Just the opposite should be true for

the studént’solving backward; blind alleys in Types 8 and 7 but not 6,

and the blind alley in Type-8 is ti;o steps long.- Therefore, solution
tlmes should increase from Type 6"hrough Type 8. A student solving
from both dlrectlons (mixed) could enter blind alleys in all three
types, with a total of two possible blind alley steps in each. No

systematic increase or decrease should occur from Type 6 through Type 8.

A Friedman nonparametric analogue of the one-way analysis of variance

15

A
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was performed for each strategy for Types 6-8. Fsr the backward
/5(3,18) = 162.5/ and forward /5(3,18) = 193.5/ groups the Types were
significantly different (p < .0l) in the expected opposite directions,
and for the mixed group they were not Z§(3,18) =84.5, p > .Qii. This
patteén of solution times supports the hypéthesis that the sthents
followed the direction-of-search instructions. -

Another quéstion to be resolved is whether any of the three
strategies was more efficient overall. To get a composite measu;e of
efficiency, solution times'were pooled across problems with the same
number of steps in the solut%on, and the means and %heir sténdarg errors

- are shown in Table 2. The,sum of possible blind alley steps for each

Strategy X éteps is also given, as a rough measure of the poséible

) .

influence of blind alleys on these means. Analysis. of variance for

both proportion of errors and solution time produced paral” ¢‘resu1ts,

'so only the solution time information is reported. —There was g sig=
nificant effect o’f“i;gmbef’ of steps in the solution /F(3,153) = 230.79,
3} <-.OQ£7 and a significant interaction between number of steps and
strategy /F(6,153) = 7.54%, p < .00L/, but not a significant effect of
strategy /F(2,51) = 1.57, n.s./. The same pattern of statistical
"’signif;cance was obtained when the times were 1ogltransformed to correct

~

for skew and when conservative F tests were performed.

7

< <

Insert Table 2.about here -
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Simple t tests ipdicated-that the mixed strategy was significantly
inferior to one or both of the othgis for two, three, and four-step
solutions (B ¢ .05) but not for five-step solutions. The forward
strategy was significantly best fo; two-step solutions (g < .025), and
the backward strategy was significantly best for four-step solutions
(p « .01). This pattern of differences is consistent with the totals
of possible blind alley steps for the three strategies on each set 6f

same-length problems. , .
In order to evaluate information-processing efficiency, the ap-
parent strong effects of blind alleys must be reméved. One ;imple‘way

to do so would be to compare direction-of-search strategies on problem

m ’

types in which no blind alleys are possible. Unfortunateiy, all three

&

strategies can be compared in this way only on Type 3 (2000) and the

»

five-ztep types. The backward and forward strategies can be cdhpargd

ne
L
s

— on problems of all lengths, however,<£y4alsomcompaxiﬂg_Type_§;hackmazd_,Vdf?.ﬁﬁﬁ.g_q___
wikh'S forward and Type 12 backward with 13 forward. The means and ' ‘ -
their standard errors for these types are shown iﬁ Table 3. Analysis '

K of variance of log transformed solution times indicated an éxpecteé'
significant effeétuof nurber of steps if the solution /F(3,102) = 148.8, -
P 4 .0Ql7 and a siggificaht interaction between number of‘steps,andi's .
§trategx'[E(3,102§ = 4,25, R < .Ql7, but not a significant éffecgpof
strategy [Eki,3h) < _7; Simple t tests indicated that the onl& sig-

nificant difference between strategies was on the four-step solutions,

Insert Table 3 about here '

-
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cr: which the backward strategy group was faster (2 < .05). Simple £
tests among all three strategies on the five-step types indicated no
significant differences on solution times, but the mixed strategy group
made significantly fewer errors (g < ,05) than the forward strategy
group on these types.
g;scussioﬂ

The results of this first exnerlment indicate that after one shori

training session Jjunior high school students can follow 1nstruct10ns to

use different direction-of-search strategies for rate-type algebra ‘

possible and may be helpfu_ in problem=solv1ng. It may not be much

more difficult to teach all three kinds and 1et the stuaent pick among
- \

them to suit the problem. Whether th1s,1s so remains to be tested.

’ Tbe mixed strategy was least efficient overall, and the’ ‘majority

)s

of t&e—studeqtsmwho falleéft0~£ollew>anstructaops‘werer1n the-mixed~- -

i~

strategy group. The dlfflculty of the mlxed strategy in this study
seems inconsistent with data from a similar study with college gtudents
(Malin, 1973). The college students were most efficient when they used

the mixed strategy. The difference mdy lie in the teaching of the

mixed strategy, The college studerts were not taught the mixed strategy, )

;
i

but ﬁsed it sponteneously. It.may be that the mixed strategy that was
taught +o the Junior high ‘school students was different from the one
_spontaneously used by the college studénts. The college students'’

strategy apparently included additional procedures that kept them out

w‘of the extra blind alleys thatswere entered by the junior high school

N

SRt

|

|

\

problems. It appears, then, that teachlng any of these strategles 1s ‘
&
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students. Because of doubt about the completeness of the mixed instruc-
tions, and because of the difficulty of the strategy, it was eliminated
from the second experiment.

The strong relationship between total possiﬁie blind alley steps
and the pattern of means in Table 2 is an indication of the probable

importance of blind alleys in slow1ng these problem solutlons Data

from types not containing blind alleys indicate add%tlonal glfferences
C. ) "
in information-processing efficiency, slightly favoring the backward
e

~and mixed strategies for~ the more aifficult prdblems

L

Experiment 2: Dlrectlon of Selarch and Blind Alley Technlaue

The purpose of, this mcond experiment was to test the effectiveness

£y R /

of instructions in methods to deal with bllnd alleys. To deal w1§n a . v

. blind alley, a person must detect some charaqterlstlc of the path that

is a signal that no further work in this area will bé productive, and ,

mu§tj:eturn‘to*the point where thé'wrong'chcice was made and choose

another alternative. In the set of ratg problens for students’to ’

solve, blind alleys cannot be recognized before the dead end is reached;;

All.dead ends contain an B_vé}iable that is not in the,sét of given or
unknown variables in the problem. In this set of rate pfoblems, the
péint where the.wrong choices are made is at the beginning of the :
search, so it 1is best; to start over on a problem when a dead end is

.

reached. Students who do not recognize the 31g1a1 to start over may
continue to look for" a new use for the R varlable or try to badktrack
thfough the same path without seeming to recognize that they are back-

tracking, or may even make up a new equation for the R variable. A1l

.

-

12
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of these responses waste effort and may cause stufents to make errors
or give ﬁp before the solution is reached. c
The two pieces of information hecessary for dealing with the blind

alley werekseparated in this experiment. Some students were told only

about the R variables as dead ends, while others were toid both about

E;s'and about starting again at the beginning of the problem. .

lethod

- i SubJects The subjects were 72 second-semester eighth graders
from average algebra classes, with the same characteristics as in
Experiment i. Théy were randomly assigned to six equal groups of 12
each ;n a2x3x 3 x 4 factorial de31gn involving two between-students
variables: two dlrectlons of search and three techniques for dealinyg

with blind alleys, and two wlthln-students varlables° three problem

types and four blocks of problems. An additional miﬁe“studgqﬁs

- : (dibtzibuted}évenly"acfbss groups) failed to follow imstructions.

Stimulus materials. The students learned the same set of formlas

as in Experiment 1. The problem sets consisted of Types 6, 7, and8
° l .

only. These are the types that should produce opposite patterns of
//
dlfflculty for backward and forward diregtions of search There were

18 problems in six blocks of the three types each. The first two were

‘buffer blocks on which no data was collected. The reméining four

blocks were presented in coundcerbalanced order across students within

conditions.

k1)

Design and procedure. The individual sessions with students fol-

lowed.the same géheral procedure as in ExPerimen% 1. The students were

-

Q . o - 20
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taught to solve in either a forwa'd or backward directio;, and learned
one of three techniques for dealing witﬁ blind alleys. Control . ]
"technique" students were gi.... no information about blind alleys; the
Pértial technique involved instructioné on how to recognize a’'dead end '
(én R intermediate varidble}. The Whole technique involved instruc-
tions on how to recognize a-fead end and, in addition, dirgctions.to
~ start over on a different solution path when a dead end waé reached.
The techniques varied a little with the direction-of-search strategies.
The Whole techniques (which contain the Partial instructions) are

given below for both directions of search.

Backward: Notice that you might start out on the example

) problem trying to get A. from Py and Ry3 This would not work, how-
X ever, because 33 is not on the givens list, and there is no way to -
- < . .

get the value of Ry withe.. backtracking through B = A; x Ry ¢
- = 8 =3 3.8 e

sgein (and that's not allowed). Every R variable is in only one

equation. You can cave yourself wested effort if you do the

following: “Every time one of the variables you plan fo use has an

™~ R in it, check right away to see if the g_variable.is on the

-
~. ~ A

. gifens list. If it isn't, that way of solving the problem won't

work. So,ystart over a different way on the problem, using the

othér equation that the unknown is in.

F;;Ga(g: Notice that in the eiample problem, although each P

v -

variable on the givens 1list could be combined with two other givens,

N

each R variable can he combined with only one other variable on the

i list. This is becaus;\;hch R variable is in only one equation.

>
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) \ Therefore, if you get an R by combining together givens, you will
ot be aéle to use it again, unless yoﬁ go baék to get things that .
you already have (and that's a waste of Pime). You can save your-
self wasted effort if you do the following: Check any R varisbles
that you get b§ conbining givens, to see if they are identical with
the unknowm. If so, the problem is solved. If not, start over

and try to combine some of the givens together in some other way.

- A If a student failed to solve a probiem within 60 seconds, an error

was recorded. The time limit was shorter in this experiment because

&N

the three-step problems take iésS“time to solve than the four- and

’

five-step ones included in Experiment 1. , .
% . - i

\A. . Results ot : -
Analysis of variance of solution times indicated a significant

practice effect /F(3,198) = 5.32, p < .01/, a significant effect of

—_ problem type 45(2,132) = 7.80, p < .OQ&Z? and a significant interaction ¥

between problem type and search strategy /EF(2,132) = 32.63, p < .001/.

No other main effects or interactions were significant. Table 4 shows |
~ M L

- the Strategy X Type effect, which would be expected for these prcblem
types when strategy instructions are followed. . A

»
-

- ) © * 3 1Insert.Table 4 about here

To determine whether the blind alley instructions, were helpful,

solution times from the .first and last problems of any type in which —

each student actually entered blind alleys were analyzed. The pattern ,

’

. - ; ) ) .
of mean solution times jis shown in Figure 3. The scores were log

- X

o 9292
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transformed to correct for the skewed distributions of solution times. .
An analysis of variance of the transformed scores indicated a sig- »
nificant practice effect /F(1,66) = 4.76, p ¢ .057 and significant

Ny . :

effect, of strategy /F(1,66) = 4.29, p £ .05/. Practice decreased

solution time, and the backward strategy group was slower than the

forward. No other main effects or interacticns were significant,

although two interactions (Strategy X Techniq ef and Strategy X

Technique X Practice) reached p < .20. As can be seen in Figure 3,

simple t tests on scores pooled across first and last problems in-

dicate that the backward strategy group was’significantly inferior'to

the forward strategy group with Control cr Partial bliqd alley instruc-

tions (g ¢ .05), but this was not so when Whole instructions were given.
- » A .

Insert TFigure 3.about here'

Discussion

The pattern, of means in Figure.3 is complex. The control means -

can be considered baselines against which the effect of the blind alley

techniques can be evaluated. It éppea?s that the backwsaxrd control

e group experienced more difficulties with blind alleys than the forward®

coﬁ%rol group. The long backward soiution times were decreased by «

&

— _practice, but even more so by instructions #n dealing with blind

alleys. For the forward groups, on the other hand, }t seems that the

blindyalley techniques were initially ineffective or harmful; and the

partial techniqué only was ultimately helpful. : \

23 '
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o

These data may be exjiaihedfby the differént notions of solution _

paths that each strategy should produce” in students. A person working
backward does so from a definéd starting place, the unknown, and moves
B k4

along a clearly Qefiqed solution path of substitutions from the un-

-

L]

known. Instructions that explain about dead ends and starting over on

Talternative sclution paths should makehsense. On the other hand, a

person workirg forward ha; a choice of many starting.plaCes (several’
pair§ of givans out of a set of foui) and returns to the set of givens
to meke each new move. His steps are not on a defined:solution path,
and he may only rarely have a sense of abandoning one path and starting
over & new way.o Tﬁerefore, ifstructions that tell him %o‘§tart over .
a new wa& (Whole) may be incomprehens}ble. On the other hand, instruc-

tions that Help him discard derived values that will noit be useful to

r

him in solving the prdblbm (Partlal) ‘may ulxlnwdxﬁhLlyékp h1m to save .

e e
e

» . -

time. ’ 4

Taken tog?ther,-the éesultg of both expeiimeﬁts indicaﬁe that if
one had to choose among strategies to éeach, it would be a difficult
choice. . Héwever, for pyoblems of moderate difficult&, the backward
direction—of—séarch combined with full inét;uctions on how to respond

to blind alleys appesrs promising. The forward direction of sedrch

© o

seems nearly as pronising as the backward one, except that it appears

prefergble to combine it with instructlons on 1dent1fy1ng useless

derived values (Partial 1nstruct10ns) rather than full 1nstruct10ns on

how to respond to blind alleys. For long problems without blind

alleys, the mixed direction-of-search, would seem preferablez’but it

T, e S - 4

\ _ . ' ‘
24 ’
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' cE.jppea:rs that it may be most difficult to teach and least efficient

-

otherwise, The strong interaction effects between strategies and

probleﬁhﬁgﬁés‘foupdnjp both experiments suggest that there can be no

‘ " one optifmm overall strategy. Thi's raises the que§£ign ofrwhether .. -

instructing s¥udents in several formal straﬁ;giéSwwqg%d help them cope

—
. v P

flexibly with difgerént problem types. T~
y \\\_7

The rate problems in these experiments are structurally similar -~ )

to many problems in algebra and science encountered by junior high .
. s ¢ ? /-
school students. These initial results should be followed up by ~ .
. " M *

adapting these methods to less artificial school mathematics or science
problems, and by testing the methods in classroom setting. -The

‘artificial, abstracted problems used in these experiments ﬁight them-~

. selves be useful for tqgching the problem solvihg methods. .

- E
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Table 1 \\f\\\\\ '

Median Solution Times in Seconds and Errors by Froblem Tybe

for .Forward, Backwérd.and Mixed Strategies

<

Stfategy

Forward Backward * Mixed

Problem type Code Hedian Errors Code Median Errors Code Median Errors

[ L

1 10007 . 1000 2000 -
2 1011 1000 1011
3 2000 12 ° 0 2000 12 ° 0 2000 16.5 O
4 2000 12 .5 20134 13 1 2013 18.5 .5 T
5 2000 12 0 é013B g ih 1.5 20138 21 1 .
1 6 3027 15 3. 3000 26 1 3012 285 0
7 3001° 35 1 3011 28 -1 302 79.5 5
: 8 3000 21.5 0 3012 45 5 3012  53.5 y
9 3122 29 2 3100 , 17 2 322 205 1
10 3111 23,5 1 3112 '76 ' 3 3123 L7 5
1 .11 4oll- 96 5 4000 3}.5 1 ho11 -~ 98.5 4
) J 12 4111 123 8 . hipo 4 37.5 3 i1 80 7
13 4100 73 byl 83 77 11 10 10
1k 5000 k0.5 3 50000 64.5 7 /5000 715 &
15 51004 140 13 5100A 132.5 8 51008 140 11
16 51008 140 ,11  S5100B 57 4 5100B 69 5
17 ' 5200 ik 12 500 14 13 5200 8L5 7

Note. n = 18 except for Types 4 and 5 (n'= 36), and all errors were

replaced by 140 seconds in calculating the medians.
8The first 4igit of the code gives the number of steps; the second digit,
subproblem branches; the third digit, possible blind alleys; the fourth digit,

total steps in.all possible blind alleys; the lettér, suotypes. "

29
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Problem Solving

Number of Possible Blind Alleys and ‘Means and Standard Errors of Solution

Times \Poo:!.ed across Problems with the Sam_e Number of Solution Steps

\‘ It
- ~  Strategy
Forward  Backwerd Mixed
Nunber of Blind Blind~ Blind
solution steps “elleys X sz a:!.leys X sz alleys X sz~
Two . 0 14.84 5,11 6 24.4%0 3.94 6 26.99 3.87
- , ,
Three . b b5.41 448 5  50.01 L.O4 8  60.k2 5.93 .
Four 2 88.48 7.59 1 61.57 7.00 3 95.98 7.18
Five o 10479 5.20 0 97.50 5.7% 0  94.00 T.u42
Overall 63. ;38 58.37 69.35

e ——

»

JPARU————
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N .Table 3
Means and Standard Errors of Solution Times :
for Problems without Blind Alleys -
Strategy
forward Backwar@
Number of
solution_steps..- —Type— — X _s;—-___ - Type X sz
Two -3 12.72 1.04 3 13.50 1.23
Three 8  27.00 5.49 6  141.39  9.uh
Four _ 13 83.33 11.2h4 12 56.28 10.31
Five 1-17 108,79 5.20 1417  97.50  5.72
Overall 56.96 52.17
4

31
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Table 4
Means and Standard Errors gf Solution Times .
- . by Problem Type and Strategy ’
) Strategy -
* m‘h - e pc
Forward - Backward - Overall.
Provlem type X S= X 55’ X
6 32.6h 1.43 2h8h - 2.54 28.7h4 o
7 ' 33.06 1.33 _32.96 - 1.17 33.01 \
- - 3 ‘ )
8 26.92 ° 125 . 38.17 1.45 32.55
. 2
32
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Figure Captions .

Fiéure 1. Example of, a story problem. i
Figure 2. Examples of problém types. The upper panels give

problems and the codes for their structures. The lower panels show

@ ?ree diagram of the structure of each problen. : * -
Figure 3. Mean solution time as a function of blind alley

ihstructioné, direction of solution, and.order of encounter with

blind alleys.
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